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Dielectric Tensor - Cold plasma
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N. T. Gladd

In[28]:=

Initialization: Be sure the files NTGStylesheet2.nb and NTGUltilityFunctions.m is are in the same
directory as that from which this notebook was loaded. Then execute the cell immediately below by
mousing left on the cell bar to the right of that cell and then typing “shift” + “enter’. Respond “Yes” in
response to the query to evaluate initialization cells.

SetDirectory[NotebookDirectory[]];

(» set directory where source files are located =x)
SetOptions [EvaluationNotebook[], (* load the StyleSheet x)
StyleDefinitions -» Get["NTGStylesheet2.nb"]];

Get ["NTGUtilityFunctions.m"]; (* Load utilities package x)

Original notes Dielectric Tensor - Cold plasma 05-24-15 (also many other times, starting circa 1968)

Purpose

| use Mathematica to derive the dielectric tensor for a cold magnetized plasma, a structure used when
analyzing the properties of waves that exist in this plasma. This derivation is a right of passage for
students of plasma physics.

My primary interest in this series of notebooks is illustrate how Mathematica can be used to facilitate the
mathematical operations involved in plasma derivations and calculations. Development of the frame-
work for analyzing waves in a cold magnetized plasma case serves well as a basic template for more
complex examples. | won’t discuss the underlying physics, most texts on plasmas cover this topic. My
favorite is still the text from which | learned Principles of Plasma Physics, N. A. Krall and A. W. Trivel-
piece for plasmas, coauthored by my friend, mentor and former boss Nick Krall.

See https://arxiv.org/pdf/physics/0701257v1.pdf for the treatment of a similar problem using a different
Mathematica programming style.

Derivation of the cold plasma dielectric tensor is rather straightforward. In a subsequent notebook, | will

repeat the derivation of the dielectric tensor using kinetic theory, in which case the calculation is consid-
erable more involved.
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Dispersion equation and dielectric tensor

Consider Ampere’s law and Faraday’s law in Gaussian notation

2>
vxs(},t)fT"T(},t %ai—jt) (1)
2>
v B = - ! aB(axt’ ) @)
(&

->
The current j is assumed to be related to the electric field through a conductivity tensor g

> -

j=6E (3)
Under the assumption of plane-wave waves, these three equations can be used the derive the
expression

o —

D-SE=0 (4)

The dispersive properties of waves are described by the expression

det(D) = 0 (5)

The first derivation below will consist of using Mathematica methods to derive the matrix D. Along the
way, the dielectric tensor

o 4
?:(1 +—‘3) (6)
w

is identified.

The explicit form for D derived below in Section 1 is (w1[6])

c2k? c2k? 2k, k 2k . k
1--— =+ €x,x €y, et X
w w w
« 2 2,2 2 2 2
_ c’ ke k _ gk cfk ctk, k,
D = w2 +€y,x 1 w2 w? +€y,y 0? +€y,z
2k k. 2k, k. c2k? c2k3
;  t€z,x ;  t€zy 1- >~ 2 Tt €z,

The second calculation will assume a uniform plasma embedded in a constant unidirectional magnetic
field. In the limit of a cold fluid plasma, the specific expressions for the elements of the conductivity and
dielectric tensors are derived.

For the cold fluid plasma, the starting equations are continuity

6n<}, t)

(o 303 ) = o Y

and motion
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d ?(?, t)

dt

> 2/
) R S v(x, t) x B(x, t)
mn(x, t) = qn(x, t) E(x, t) + —c (8)

The explicit form for the dielectric tensor derived below in Section 2 is w2[“dielectric tensor”][1]

1- o wl _ dwcw} 0
w*-w w? w?-w w?
‘é’ - 1 we w2 1- w w2 0
w?-w w? w?-w w?
2
W
(] 0 1-=

Mathematica preliminaries

| predefine a number of Mathematica functions and rules

MakeScalar, MakeVector, GenerateComponentEquations, perturbationRules, equilibriumRules, Lin-
earizeEquation, Eikonal, MakeEikonalRule, ApplyEikonal, deflw.], def[w)]

These are defined below in Section Functions.

| Deriving the dispersion equation

Starting with Ampere’s law (1) and Faraday’s law (1), | derive the dispersion equation for plane wave
perturbations of a uniform plasma in a constant magnetic field

4 1
neo)= | wi["Ampere"”][1] = Inactivate[Curl[B, {X, y, z}] = —Jj + —D[&, t], Curl|D]
c c
43 &
out[30]= (x,y,2} * 8B = J L =
c c

| perform operations that transform this high level representation of Ampere’s law into a form from which
calculations can be performed. The function Inactivate temporarily prevents the functions Curl and D
from evaluating. The first step is to introduce explicit time and space dependence.

et | wi["Ampere"][2] = wl["Ampere"][1] /. (MakeVector /@ {8, 9:&, j})

Out[31]= (X,¥,2} {(B«[X5 Y5 Z, t] > By[x.v Y, Z, t} » B:[X5 Y, Z, t] ==
{ tax[XJ Y, Z, t] 47Tj)([x: Y, Z, t}
+

C C
tE,[X, Y, Z, t] +47ij[X, y, z, t] t82[Xs Y, Z, t] +47sz[x: Y, Z, t]}
3

C C C C

With explicit space and time dependence established, the operators can be “activated.”
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In[32]:= wl["Ampere"] [3] = wl["Ampere"][2] // Activate[#, Curl | D] &

out32]= {-8,2909 [x,y, z, t] +8,®V%% [x, y, z, t], 8, @YV [x,y, z, t] -8, H>%% [x, y, 7, t],
-8, 0L00 [x,y, z, t] + 8,220 [x, y, 2, t]} =
A7G (X, ¥, 2, t]  &,0900 [x,y, z, t] 4nj,Ix ¥y, z,t] &,@%%Y(x,y, z,t]
{ c : c ’ c : c ’
430X Y, 2, t] . £,199%1 [x,y, z, t] )

C C

The operators expanded into the form of a {lhsy, Ihs,,...} == {rhs4, rhsy,...}. The function GenerateCompo
nentEquations transforms the resulting expression into a list of equations {lhs4 == rhsq, lhsy; == rhsy,... }.

In[33]:= wl["Ampere"] [4] = wl["Ampere"][3] // GenerateComponentEquations
473, [x z, t 5,(0:9:8,1) [x z, t
ous (28,0010 [x, y, 7, £] + 5,000 (x, y, 7, t] = (X, ¥, Z, t] , & (X, ¥, Z, t] )
C C
473,[x z, t]  §,(901) x z, t]
Bx(e’ell’e) [X, Yy, Z, t] 782(1,0,0,0) [X, Y, Z, t] == 2 RERE + - RERE )
c C
473, [x z, t 5,0:9:8,1) [x z, t
LB, 0100) [y y 7 t] 45,1800 [y, 7, t] J:[%, ¥, 2, t] & [X, ¥, z, t] )
C C

| perturb these equations using rules of the type (see perturbationRules in Functions section below)

n - nyg+ e€dnlx, y, z, 1)

Vi = Vxo + €0Vi(x, p, 2, D), Vy = vy + €6Vy(xa Vs % 1), Vi vy + €0V (X, y, 3, D)

and impose the conditions of no equilibrium flows, currents, electric field, and uniform magnetic field on
the equilibrium state (see equilibriumRules in Functions section below).

The imposition of these rules leads to

In[34]:= wl["Ampere"][5] = wl["Ampere"][4] /. perturbationRules /. equilibriumRules

Out[34]= {fe 62@(9’9’1’6) (X, ¥y, z, t] +€5BZ(0,1,0,0> (X, ¥, z, t] ==

47ebiX, Y, 2, t] €066,0980 [x,y, z, t]
+

b)
C C

€ 68,9858 (x vy, 7z, t] -€68,1%%% [x,y, z, t] =
4ebj,(x, ¥, 2z, t] €68,9%%0 [x,y, z, t]
+

)
C C

_e 5BX(0,1,0,0) [X, ¥, 2, t] +€ 52@“’0’@’6) [X, VY, z, t] =

4ﬁ€6jZ[XJ y) Z) t] € 681(0;0;e;1> [X) y) ZJ t] }
+

C C

Linearize the equations
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In[35]:= wl["Ampere"][6] = wl["Ampere"][5] // LinearizeEquation

{_6By(a’e)1’@> (X, ¥, z, t] + 632(0’110’% (X, ¥, z, t] =
4763.(%, Y, 2, t] 68,2900 [x,y, z, t]
+

C C
58,0050 (v y 7, t] -68,1%%% [x,y, z, t] =

Out[35]=

)

4ﬂéjy[x) Yy, z, t] 58y<0)619:1) [X,
+
¢ C
~- 68,0180 [y vy 7z, t] +(5By(1’0’0’9) (X, Y, Z, t] =

47r6jZ[XJ yJ Z) t] 682(0)610’1) [XJ yJ Z) t] }
+
C

C

and apply a plane wave eikonal. For example,

01, 1) = diy(f, o) AF5-0) = g olT5-0

wl["Ampere"][7] = wl["Ampere"][6] // ApplyEikonal

In[36]:=

. . 41i7n6j, wsd
out[36]= {6BZ k,- 68, k, = - Jx al R
C C
w8, . 4i76j, wbs,
> 0B, K, - 6B, k, = - - }

. . 41 7693,
-68B, Ky + 6B, k, = - -
C C

C C

The same procedure is used for Faraday’s law.

1
wer= | wl["Faraday"][1] = Inactivate[Curl[&, {x, y, z}] = -—D[3, t], Curl |D]
C

Out[37]= {(X,y,2}

Having shown the details for Ampere, | can streamline the analogous calculation for Faraday

In[38]:= wl["Faraday"][2] =
wl["Faraday"][1] /. (MakeVector /@ {&, 9+B}) // Activate[#, Curl |D] & //
GenerateComponentEquations
Bx<e:e)e)1) X, Z ‘t
[-8,@010) (x,y, 7, t] +5, 0100 [x,y, 7, t] = - [X, ¥, Z, T]
C

Out[38]= 5
By(e’e’e’l) [X, ¥, z, t]

SX(O,B,l,O) (X, ¥, z, T] - 82(1,0,0,0) [X, Y, Z, t] = -
C

)

B (0,0,0,1) [X y Z ‘t}
_8)((0,1,0,0) [X) Yy, Z, t} + ‘Sy(l,e)e,m [X) Yy, Z, t] == = - : — }
C
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In[39]:=

Out[39]=

In[40]:=

Out[40]=

In[41]:=

Out[41]=

In[42]:=

Out[42]=

In[43]:=

Out[43]=

wl["Faraday"][3] =
wl["Faraday"][2] /. perturbationRules /. equilibriumRules // LinearizeEquation //
ApplyEikonal
o n w 6fo “ n w 6@ n n w é%z
{562 ky - 66y kz == , 68, k)( + 65, kz =TT 6(59 kX - 68, k% = }
C C C
Proceeding
wil[1] = Solve|wl["Faraday"][3], {6B., 68,, 63.}][1]
R c (68, k, - 68, k, R c (68, k, - 68, k, R c (68, k, - 68, k
{68, > ( L >,6By+— ( - ),6282% (55, ks Xy)}
w w w
Use these rules to eliminate 4B from Ampere’s law
wl[2] = wl["Ampere"][7] /. wl[l] /. a_ = b_ > a -b ==
{4M53X wos, cky, (68,k,-68.k,) ck, (68, k,-568, k)
+ + + =9,
C C w
4insj, wss, ck,(88,k.-68.k,) ck. (68, k, - 58, k)
+ - + =0,
C C w
4in6j, wok, Cki(68.k.-88.k;) ck, (68K, -8, k) }
+ - - ==
C C w w
| simplify this expression
w1l[3] = MapEqn[ (Expand[#c/w]) &, wl[2]]
4insj, . c2sg,k.k, 265.k2 258,k k, 268,k
[————+388+ - + - =0,
w w? w? w? w?
4irsj, . 265, k2 268,k k, <288,k k, 288, k?
— + 88, - + + - =0,
w w? w? w? w?
4insj, . c268,k2 c*68, k2 268,k k, c288,k,k,
Bin0): , sp, - - . . = o]
W w? w? w? w?

. - L oo =
and introduce the conductivity tensor via 6j = g - 6E

conductivityRule = 6j, - 0a, 88, + Oa,, 88, + Oa, . 68,

5Fa = 68, Oa,x + 68, Ca,y + 68, Oa,
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In[44]:= wl[4] = wl[3] /. conductivityRule // ExpandAll

268, k. k, €268,Kk2
2

268,k k,
2

Out[44]= {5A<SX + +

w? w w

c268,k2 A4inss,o,, 41inés 0., 41n68,0,
+ + + =

- )

2

w w w w
c265,k? 268, kok, 268,k k, c265,k? 4inss, 0,
&y - N + N + N - N + +
w w w w
4irns8,0,, 4inds, o, . 288, k2?68, kI 268,k k,
+ =0, 6&, - - + +
w w w? w? w?

268,k k, 4inds,0,, 4inds,o,, 41indés,0,,
. ; . )

w? w w w

o —
Construct the elements of the matrix dispersion equation D - 6E = 0

In[45]:= wl[5] = Table[
Table[Coefficient [wl[4][i, 1], component], {component, {&&., 6&,, 6&.}}], {i, 1, 3}]

2kl 2k 4irno,, c*k.k, 4ino,, cik.k, 4irno,,
Out[45]= {{1 - - + ) + P + }:
w? w? w w? w w? w
2 : 2,2 21,2 . 2 .
cckek, 4irmo,x ctk: c*k: 4irno,, c‘k,k, 4irno,,
{ + , 1- - + B + },
w? w w? w? w w? W

2k, k, 4irno,,. crk,k, 4ino,, c2k? c*ki 4diro,,
+ + 1 }}

{ ) sy - - +
w? w w? w w? w? w
It is conventional to introduce the dielectric tensor € =1 + W 9
4irmo, p . .
In[46]:= wl[6] = wWl[5] /. ——== - €,,p, - If[ToString[a] == ToString[b], 1, 0]
w
2k c2k? c? k. k, 2k, k,
Out[46]= {{1—7— +E€xxs T+ E€x,ys 7+€X)Z},
w? w? w? w?
2 212 212 2
{c kaere 1 c ks Ckz+e ckykZJre }
Ysxs L7 - Y5y Y,z ]
w? w? w? w?
212
c? k. k, c?k, k, 2k cfky
{7+€Z)X, 72 +€Z1y,17 A +€z,z}}
w w w w
In[47]:= wl[6] // MatrixForm
Out[47]//MatrixForm=
k2 c2k? k. k k. k
1- w2 2 T Exx w2 + €4,y w2 T €4,z
k. k 2k crk? 2k, k,
w2 T E€y,x 1- T +t €4,y 02 +€y,z
2 2.2 22
ck,kZ+€Z)X ckaZ+€Zy 1 ci( _ci( t€,.,
[ w
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which is the desired result. The dielectric terms depend on the details of the plasma model. Also, any
element of the dielectric tensor (or the equivalent conductivity tensor) implies a sum over each of the
plasma species. Thus, for a plasma consisting of ions and electrons, the following interpretation is

implied

“g_)gi"'ge

2 Cold plasma modeled by fluid equations

In[48]:=

Out[48]=

In[49]:=

Out[49]=

A homogeneous cold plasma with a uniform magnetic field is assumed.

Equilibrium plasma geometry

The continuity equation is processed first

w2["continuity”] [1] = Inactivate([D[n, t] +Div[nv, {Xx, ¥y, z}] = @, D | Div]

tN+ Vix,y,z} (nv) ==

w2["continuity"][2] =
w2["continuity"] [1] /. {MakeScalar[n], MakeVector[v]} // Activate[#, D | Div] &

n(@00 [x, y, 7, t] +
V. [X, Y, Z, t] n (@81, [X, ¥, Z, t] +n[X, y, z, t] Vz(e’ejl’e) [X, ¥, Z, t] +
Vy[x) Y, Z, t] n(@.1.0,0) [X, ¥, Z, t] +n[Xx, y, z, t] Vy(ell’a’e) [X, ¥, z, t] +
VelX, y, 2, t]n888 [x, y, 7, t) +n(x, y, 2z, t] v, B0 [x, y, z, t] - @
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In[50]:= w2["continuity"] [3] =
w2["continuity"][2] /. perturbationRules /. equilibriumRules //
LinearizeEquation // ApplyEikonal

out[50]= —wéNn+ 6V, ke ng + 6% k, ng + 5V, k,ng == 0

wsi= | w2["continuity"][4] = Solve[w2["continuity"][3], &n][l, 1] // ExpandAll

I’ 5,\\/X K, ng 5§/y ky Ng 5,\\/Z K, ng
Out[51]= on - + +

w w w

and then the equation of fluid motion

In[52]:= w2 ["motion"] [1] =
1
Inactivate[mnDDt[v, v] = nq (8 + —Cross[v, B8]|, DDt | Cross | Plus]
c
VB
out[52]= mn [V, V] =nq (8 —]
c

where the functions DDt is defined below to implement the convective derivative % = g—t +V-V.

Again, this notebook focuses on the calculation. A plasma physics text should be consulted to appreci-
ate the context in which these fluid equations are applicable.

Now that the vector terms have been expanded, it is preferable to rewrite this expression as a list of
equations.

In[54]:= w2["motion"][2] =
w2["motion"][1] /. {MakeScalar[n], MakeVector[v], MakeVector[&], MakeVector[B]}

Out[54]= mn(x,y, z, t] [{ve[X, ¥, 2, t], Vy[xx Vs Z, t], Vo [X, ¥, 2, T},
(Ve[X, Y, 2, t}.- Vy[X, Y, Z, t]: vV [X, Y, Z, t1 3] o=

1
anix,y, z, t] [{&«[X, ¥, z, t], &,[X, ¥, Z, T, &%, ¥, Z, T]} + —{Vk[X, ¥, Z, t],
C

vy[xJ y) Z) 't:|) VZ|:X) y) Z} t}} {BX[X) y) Z) t]} By[x) y) ZJ t]) BZ[XJ yJ ZJ t]}

copyright © N T Gladd 2016



10 | Dielectric Tensor - Cold plasma 08-06-16.nb

w2["motion"] [3] = Activate[w2["motion"][2], DDt | Cross]

In[55]

Out[55]= {mn[x, Yy, Z, t} (wa’a’e)l) [X: Yy, Z, t} +Vx[ > Y, Z, tJ (1,0,@,0) [XJ Yy, Z, t] ) )
mnix,y, z, t] (v,/®%Y [x,y, z, t] + v, [x, ¥, z, t] v,/ *2%9 [x, y, 7, t])
mnix, y, z, t] (v. %%V [x,y, z, t] +v.[x, y, z, t] v. @09 [x, y, 7, t])

.

qn[x) y) Z) t} {SX[X) y) ZJ t}) Sy[x: y) Z) t}) 6Z[X) y) Z) t]}

{

1
“(-va[x ¥, 2, t1 B [X, Y, Z, t] +V, (X, Y, 2, t] B.[X, Y, 2, t])
C C

1
<Vz[x) Yy, Z, t} By [X, Y, Z, t] - Vi [X, Yy, Z, t] B, [X, Y, Z, t]): -
C

(-vy[Xs Y5 2, £] Be[X, Y, 2, t] +Va X, Y, 2, €] B,[X, Y, 2, t] )}

In[56]:= w2["motion"] [4] = Activate[w2["motion"][3], Plus]

Out[56)= {mn[x, y, z, t] (VX<e,e,e,1) (X, ¥y Z, T] + Vi [X, ¥, Z, t] v, (1880 [x "y 7, t])

mnix,y, z, t] (v,/®%Y [x,y, z, t] +v,[x, ¥, 2, t] @189 1x, y, z, t])
mnix,y, z, t] (Vz<0’0’e’1) [X, ¥, Z, t] +V,[X, y, Z, T] V (6,0,1,8) [X, ¥, z, t] )

.

1
{anix, y, z, t] [—(—vz[x, Vs 2, Y1 B,[%, Y, 2, t] +V, (X, Y, 2, t] B (X, Y, 2, t]) +
C

aX[X) y) ZJ t]]) qn[x) y) ZJ t]

1

(_(VZ[XJ Vs Z, T] Bu[X, Y, 2, t] -V [X, Y, 2, t] B, [X, Y, Z, t}> +8,[X, Y5 Z, t]]) q
C

nix,y, z, t]
1

( (—vy[x, Yy Z, Y] B[X, ¥, 2, t] + VL [X, Y, 2, t] B, (X, Y, 2, t]) +8,[%, Y, Z, t]]}
C

The procedure of activating DDt and Cross before activating Plus is kludgy. The reason is that you need
to have the vector expressions expand into lists before they are added. To see the problem try the
“motion” calculation without initially inactivating Plus.

In[57]:= w2["motion"] [5] = w2["motion"][4] // GenerateComponentEquations

outfs71= {mn[x Y, Z, t] v, @00 [x, y, z, t] +mn(x, y, z, t] Vi[X, ¥, 2, t] v, (D000 [x,y, 7, t] =

—fqn[x, Y, zZ, t] v, [X, Y, Z, t13g[x: Yy, zZ, t] + —
C C

qn[x Y, Z, t]vy[X, ¥y, 2, t] B, [X, ¥y, z, t] +qn[X, ¥y, z, t] &«[X, ¥, z, t],
[:y,ZtJ 9991[x,y,z,t]+mn[x,y,z,t} [X YJZt] alea[x)ynz:t]:

1
—qQnix, y, z, t] v, (X, Y, z, t] B, [X, Y, z, t] - —
C C

qn[x Y, Z, ] v [X, Y, 2, ] B, (X, ¥, Z, t] +qn([x, y, z, t] &,[X, ¥, z, t],
[:y:ZtJ 9001[x,y,z,t]+mn[x,y,z,t] vV [X, ¥, 2z, t] v aele[x))':z:t]::
—*qn[x, Y, z, t] Vy[x) Y, Z, t] B [X, ¥, 2, T] + —
C C

ANX ¥, 2, LI V(X Y5 2, t] B,0%, ¥, 2, ] +qNn(X, ¥, 2, t] 6.0%, ¥, 2, t]]
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In[58]:= w2["motion"][6] =
w2["motion"][5] /. perturbationRules /. equilibriumRules // LinearizeEquation
Bqgngov,[Xx,y, z, t]
out[58]= {m Ng 6\/)((8,0,0,1) (X, Yy, z, t] == SN A +QqQNng 66, [X, ¥, z, t],
C
B qng ov,[X z, t
mneévy(a’e)e’h[x) Y, z, t] = - 4T <% ¥, 2, T +qn066y[x, y, z, t],
e
mne 6v, @%%Y [x, y, z, t] = qne 66.[X, ¥, Z, t]}
In[59]:= w2["motion"] [7] = w2["motion"][6] /. Sol[def[w.], B]
Out[59)= {m Ng 6V, (®%%Y [x,y, z, t] =mngwc 6V, [X, ¥, z, t] +qne 6&.[X, ¥, z, t],
mng 6v, ®%%Y [x,y, z, t] = -MNgwc 6V, [X, Y, z, t] +qng 68,[X, ¥, z, t],
mng v, %%V [x, y, z, t] = qne 66.[X, ¥, Z, t]}
In[60]:= w2["motion"] [8] = w2["motion"][7] // ApplyEikonal
Out[60]= {—mwé% Ng = flqééx ng—Jimé?/y Ng Wey
“Mw bV, Ng == ~1 9685, Ng + 1MV, N e, ~MwEV, Ng = —1 qSE, Ne}
o= | w2["motion"][9] = Solve[w2["motion"][8], {&V., 6V,, 6V.}]|[1] // ExpandAll
. iqwds q68,w . iquwss 58, w . 1988
Out[61]= {6VX% q ~ g < > 6V, > Yy 9 9%« e N 6VZ%L}
mw? -mw?  mw?-maw? mw?-mw?2 mw?-maw? mw
The perturbed velocities are
In[62]:= w2["motion"][9] // ColumnForm
out[62]= 5V, > Mfﬁj - j%%
mw?-m ws mw?-m w
59 N J'lgwéé, i gé:&ch
Y mw?-mw?  mw?-mw?
5v, » 1998 L
z mw
The current density is
wea= | w2["current density"][1] = qne {6V, 6V,, 6V.} /. w2["motion"][9]
iquwss, q 68, wc iquwss, q 68, we i g% 68, ne
ouisa- | {gne - » qNe + s }
mw?-mw? mw?-mae? mw?-mw?2 mw?-mae? mw

The conductivity tensor is

copyright © N T Gladd 2016



12 | Dielectric Tensor - Cold plasma 08-06-16.nb

||47ri9|| I " - "
o= | w2["——56"] [1] = w2["current density"][1]
1. iqwss, qééywc 1 ]iqwééy q 68, we 4 1q? 58, ng
out[4]= {—4 171qhg - , —41571qng + , - }
w mw?-mw? mw?-mw?) w mw? -mw?2 mw?-maw? m w?

o
w2["=2=8"][1] /. Sol[def[w,], ne] // Simplify // ExpandAll

i
In[66]:= w2[“ —8“] [2] =
wEE, wh i 58, we w} w 88, wh i 58, We w} 58, w}
Out[66]= {— - y + y - }
W -ww? WP -ww? WP -ww? 0 -ww? w?
WATi,, : 4 WAnie, i
weni= | w2["——5"] [3] = Table[Table[Coefficient [w2["——5G"] [2] [i] , component],
w
{component, {&&,, 88&,, 6&.}}], {i, 1, 3}]
2 : 2 : 2 2 2
ww iwew iwew ww w
P cWp cWp P P
Out[67]= {{_ y , 0, y p) 0}: {@) 9, __}}
W -ww? WP -ww? WP-ww?  WwP-waw? w?

In[68]:= w2 [

Out[68]//MatrixForm=

47i
"——3"][3] // MatrixForm

_wwi _ dwew] 0
w-w w? w-w w?
i we w2 ww?
= W Wp _ W %n 0
w-w w? w-ww?
) 0o %
2

The dielectric tensor is

In[69]:=

Out[69]= { {1 -

w2["dielectric tensor"][1l] =

) . 4xi,
= IdentityMatrix[3] + w2["—0"] [3]
w

0 w2 i we w? i we w? w w2 2
p P p p P

3 27 3 2’ ) 3 2’1_ 3 2’9}’{9’9’1_ 2}}
w? - ww? w? - ww? w? - ww? w? - ww? W

In[70]:=

w2["dielectric tensor"][1] // MatrixForm

Out[70]//MatrixForm=

1- w wzp _ dwe wzp 0
w?-w w? w-w w?
i we w} 1_ v wh P
3 2 3 2
w?-w w? w?-w w?
2
)
0 7] 1--*
wz

and the specific form for the dielectric tensor has been obtained.
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Functions

The following are functions that facilitate the handling of vector expressions.

In[71]:= Clear [MakeScalar, MakeVector];
(* These functions implement rules that transform a symbol in to a

scalar or vector form that included explicit space-time dependence x)
MakeScalar[arg_] := arg - arg[x, y, z, t];
(* using x,y,z for vector components and x, Yy,
z for variables simplifies some pattern matching operations =x)
MakeVector[arg_] := arg - {arg.[x,y, z, t], arg,[x, Yy, z, t], arg.[x, Yy, z, t]};
(* Handles the case of "vectoring"” the time derivative of a vector quantity =)
MakeVector[Inactivate[D[arg_, t], D]] :=

Inactivate[D[arg, t], D] » {Inactivate[D[ arg,[x, Yy, z, t], t], D],

Inactivate[D[ arg,[x, y, z, t], t], D], Inactivate[D[ arg,[x, y, z, t], t], D]}

In[7):= Clear [GenerateComponentEquations] ;
(* This transforms {a, b, c} = {d, e, f} to {a==c,b==d,c=ze} =x)
GenerateComponentEquations [lhsList_ == rhsList_] :=

Thread [Equal [ExpandAll[lhsList], ExpandAll [rhsList]]]

Convective derivative: The functions DDt and vDel implement the convective derivative

d o]
— = —+v.V
dt ot

In[9]:= Clear [DDt];

DDt[{vx_, vy_, vz_}, {fx_, fy_, fz_}] :=
D[{fx, fy, fz}, t] + vDel[{vx, vy, vz}, {fx, fy, fz}];
DDt[{vx_, vy_, vz_}, f_] := D[f, t] + vDel[{vx, vy, vz}, f];

In[12]:= Clear[vDel];
vDel[{vx_, vy_, vz_}, f_] :=
vxD[f, x] + vyD[f, y] + vzD[f, z];
vDel[{vx_, vy_, vz_}, {fx_, fy_, fz_}] :=
{vxD[fx, x], vyD[fy, y], vzD[fz, z]}

perturbation rules: | define some rules that will be used to perturb the fluid equations
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In[15]:=

In[16]:=

Out[16]=

In[17]:=

equilibriumRules:

perturbationRules =

{n > ((ne + e on[#1, 2, u3, #4]) &),

Vi > ((Vee + € v, [#1, 52, 13, #4]) &),
vy > ((vye + € v, [#1, 2, 3, u4]) &),
V. > ((Vee + € v, [#1, 82, 63, #4]) &),
Jx » ((Jne + € 63,81, #2, 63, #4]) &),
3y » ((dwe + € 63,[81, #2, 63, #4]) &),
Jz » ((Jzo + € 63:[#1, #2, u3, n4]) &),
&« » ((8x + € 86,[#1, 12, u3, #4]) &),
& » ((&y0 + € 68,[11, 12, u3, n4]) &),
& » (( &0 + € 86.[#1, 12, #3, nd]) &),
B, » ((Bw + € 68,01, #2, #3, #4]) &),
B, » ((Bye + € 68,[#1, 52, 13, #4]) &),
B, » (( B + € 68,[#1, #2, 63, #4]) &) };

| introduce specific rules that describe the equilibrium — homogeneous density ng =

— —
constant, no flows 70) = 0, no equilibrium electric field &g = 0, uniform equilibrium magnetic field By = By

—

1,.

equilibriumRules =
{VXO - 0_' Vyg - 0_'
BXO - 0, Bya - 0, Bze - B}

Voo >0, jxo -0, jye—’ex je >0, &

{Vie > 0, Vyo — 0, Ve —>9, jo—0, jye -0,
jze %e, 6)(0 %@, @9»0, SZQ — 0, BXQ %9, Byeﬁe, Bz@ - B}

| define the following function for linearizing an equation

Clear[LinearizeEquation];
LinearizeEquation[lhs_ == rhs_]
Coefficient [ExpandAll[lhs], €]

== Coefficient[ExpandAll[rhs], €];
LinearizeEquation[egqnList_List] := LinearizeEquation /@ eqgnList;

| introduce a plane wave eikonal form for the solutions and some tools for simplifying expressions that
arise when this solution type is assumed.
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In[20]:= Clear[Eikonal, MakeEikonalRule, ApplyEikonal];
Eikonal[x_, y_, z_, t_] := Exp[Ik,x + Ik,y + Ik, z - Twt];
MakeEikonalRule([var_[x_, y_, z_, t_1] :=
var - Function[{x, y, 2z, t}, varEikonal[x, y, z, t1];
eikonalRules = MakeEikonalRule /@ {&6&.[x, y, z, t],
58y[x.v Yy, Z, t1, 88.[x, Y, Z, tl, 6B.[x, Yy, 2, tl, 53_14[)(: Y, Z, tl1,
68.[x, ¥, z, t], ov.Ix, ¥, z, t], 6v,[Xx, ¥y, z, t], 6v.[x, ¥, z, t],
6jx[x) y, z, t], 6jy[x1 y, z, t], 5jz[X, y, z, t], én[x, y, z, t]};
eikonalTerm = Eikonal[x, y, z, t];
ApplyEikonal[eqn_] :=
Module|[ {step},
step[1] = eqn /. eikonalRules;
step[2] MapEqn|[ (# / (I eikonalTerm)) &, step[1]] // ExpandAll];
ApplyEikonal [eqnList_List] := ApplyEikonal /@ eqnList;

Introduce the gyrofrequency and plasma frequency

qB
In[26]:= def[wc] = we = —;
mc
47qg%n
deflwp] = w2 = — 10,
m

Visualization

The magnetized plasma geometry and wave vector
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Module[{o, ex, ey, ez, Bvec, kVec, T, Vec, G = Graphics3D},

T[text_, position_] := Text[Style[text, Bold, FontSize - 10], position];
Vec[vec_] := {Arrowheads[0.05], Arrow[Tube[vec, 0.02]]};

{0.’ ex) ey) ez} = {{01 01 0}) {1) 0) 0}.’ {01 1.’ O}J {0_' 01 1}}.;

Bvec = {Blue, Vec[{O, 0.75ez} ], T["3 = B e,", 0.8ez]};

kVec =

{Red, Vvec[{0, ©.75{0.1, 1, 1}}1, T[“-k) = ke +k,e, +ke, ", 0.8{0.1, 1, 1}]};

Show [
G[{{Gray, Arrow[{0, ex}]}, {Gray, Arrow[{0, ey}]},
{Gray, Arrow[{O, ez}]}, {Bvec, kVec}}, Boxed - False],
G[{T["x", 1.1ex], T["y", 1.1ey], T["2", 1.1ez]}],

PlotRange » {{-0.4, 1.4}, {-0.4, 1.4}, {0, 1.4}},
ViewPoint -» {2, 2, 1}, ImageSize -» {350, 350}, SphericalRegion - True,
PlotLabel - Stl["Equilibrium plasma geometry“]]]

Equilibrium plasma geometry
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